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Fluctuations in the Population
of the Ground State of Bose Systems
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Formulas are given which show how the fluctuations of the ground-state occupation
number in a Bose System are strongly suppressed at low temperatures.
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1. INTRODUCTION

The standard expression for the fluctuation of the occupation numbers in Bose
statistics, ¥

(dnfa)? =1+ (1/n) €y

meets with difficulties when applied to the ground state at very low temperatures.
As an asymptotic formula for this special case,’® we propose instead

(dny/g)* — [(N/iig) — 1F @

as T — 0. In contrast to formula (1), this fulfills the fundamental requirement that
the fluctuations in the population of the lowest energy level must go to zero with the
temperature—in Bose statistics, no less than in Fermi statistics.

To be sure, formula (1), which implies relative fluctuations of about 100 %,
is “exact” in as much as it follows without approximation from the grand canonical
ensemble. This ensemble is tacitly implied in most current formulations of quantum
statistics; and as a rule, there are no observable differences in the results obtained
from the various ensembles. This is certainly true for Fermi statistics, and for Bose
statistics the only exception is when we consider the ground state at very low
temperatures.
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In this particular case, however, it must be remembered that, strictly speaking,
the grand canonical ensemble describes open systems only—although incidentally
it almost always gives correct formulas even for closed systems. The large fluctuations
in n, indicated by (1) thus refer to systems which can freely exchange particles with
an infinite reservoir or with another phase. But this picture is not at all appropriate to
experimental situations where the system is a macroscopically conserved amount
of matter: in Bose statistics, n, may, at sufficiently low temperature, be a macroscopic
quantity and its relative fluctuation must certainly vanish lest the theory predict
very startling phenomena.

For a proper treatment of the present problem, it is thus necessary to take
conservation of the total number of particles N into account. This will be shown to
require, for the ground state at low temperatures, formula (2) instead of formula (1).
A more general formula comprising both (1) and (2) as special cases will be give
in Section 2. B

These formulas are applied in Section 3 to the ideal Bose gas. Since the result
is based upon the method of steepest descent, we shall in" Section 4 briefly consider
a two-level system as a model which can be treated without recourse to this method.
Auxiliary calculations and an extension to particles with a continuous energy
spectrum are collected in the Appendices.

Before discussing specific examples, we shall write down a description of the
canonical ensemble which is suitable for the present purpose: Let the molecular
energy levels in a closed system of N noninteracting particles be ¢;, s = 0, 1, 2,... .

The possibility of a continuous energy-spectrum should also be taken into account,
but we defer the necessary amendments to Appendix C. In Bose statistics, the number
of particles n, occupying the sth level may assume any integer value n, = 0, 1, 2,...,
but we shall now consider the total number of particles

Zns: N (3)

to be fixed in the strong sense—not merely in canonical average. Accordingly, the
sum over states must be restricted:

Z =Y Tle*m @

7Ls 8

Here, 3" denotes a multiple sum over only those sets of occupation numbers {r}
that satisfy the condition (3).

Such a condition is conveniently imposed upon the summation (4) by multi-
plying each term of the unrestricted sum by a discontinuous factor:

(1/20) fﬂi it oxp §~ (N _ zs:ns) t% _ g(l) ;Vt};z; vgﬁi’,s)eis fulfilled

-7t

In this way, the sum over states can be written as an integral
Z = (1/2mi) f dte™TT 1Y ensu—sss)% 5
s Ng

which can be evaluated by the Darwin—Fowler method.
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Usually, the sums over the », are understood to be from 0 to oo,

oK

Y =11 — e ©)
n=0
but this is not the only possibility: we may truncate them at any number M > N,
inserting, instead of the sum (6),

M

Z — (1 _ e(Ms+1)(t—B€3))/(1 . ei»Bss) (7)

74=0

for the sth factor in the integrand (5). So far, the replacements of the infinite series (6)
by finite sums (7) are quite arbitrary. They cannot alter the exact value of the
integral (5).

In most cases however, only asymptotic approximations for large N are available,
and in order to obtain them it will sometimes be a considerable advantage to take the
factors of the infinite product in the form (7), which are entire functions of ¢, instead
of (6), which are not. This will turn out to “temper” the analytical properties of the
integrand, and thus to make it more amenable to a saddle-point approximation.
We shall here choose all M, = N, i.e., pick the smoothest form possible (salva
veritate) for the integrand (5).

Incidentally, this choice (M = N) leads to the particular form of distribution
law for the occupation numbers which was proposed by Gentile® on somewhat
different grounds. Although Gentile’s procedure (7) cannot claim to be more than
a computational device, we shall see that it is useful for boson systems at very low
temperatures. Actually, it extends the applicability of the method of steepest descent
to a range of states where in the usual formalism this method was very problematic.
For the purposes of our fluctuation problem, we shall therefore adopt his version
of the sum over states,

Z = (12m0) [ dr e ™11 — ™))L — e} ®)

where D = N + 1, z = Pe, — t. By the definition (4) of our ensemble, the average
occupation numbers and their fluctuations are given by

i = —a(ln Z)/oBe,  An* = &%(In Z)/5(Be)? )
respectively.

2. AVERAGE AND FLUCTUATION OF n,
IN THE SADDLE-POINT APPROXIMATION

Using the saddle-point approximation, we get from Eq. (9)
InZ = —Nt+ Y x(Be; — t) (10)
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where
x(@) = —In(l — e 4 In(1 — &%)

and terms of the order In N have been neglected. The principal saddle point 7 is the
real root of the equation

N=Y%, x=afot=—x (11

s

While x is a universal function, the parameter ¢ depends specifically upon the
system through the energy spectrum e,. Inserting the approximation (10) in the
general equations (9), one thus obtains

o=, And =3[l — (21/2Be)] (12)
These formulas are of a well-known type, except that Gentile’s expression
X@) = (e — D] — [D)(e”* — )], z=Pe—1 (13)
differs from the familiar distribution law of Bose statistics:
f@) = 1/(er = 1) (14)

by the extra term —Df(Dz). This term, however, makes the function 7 = ¥(z) always
finite, positive, and monotonically decreasing:

with a steep drop at z = 0 (Appendix A).

By the usual thermodynamic identification, ¢ is related to the chemical potential
(t = Bu). At ordinary temperatures, the chemical potential is negative whether
we define it by the conventional means or by Gentile’s formula. Then, z = Be — ¢
is positive for all quantum states and the term —Df(Dz) is completely negligible,
as of course it must be in this case. In the usual formalism, which employs the
distribution law (14), z must in fact always be positive, that is, ¢ can never exceed Pe, .

Gentile’s function # = %(z), on the other hand, is always finite and z may well
assume negative values, as indeed it does for the lowest quantum state at sufficiently
low temperatures. Thus, ¢ may exceed fe, although it must always remain below Be;
[t > Bey > P, violates Eq. (11); cf. Egs. (15)]. The thermodynamic states in which
we are here primarily interested are just those belonging to positive values of #:
0 <t < Be; . When ¢ = fB¢,, we have i, = 3(0) = N/2: one half of the particles
are in the ground state. At absolute zero, 8 = oo, we shall have ¢ = + oo, and
in Eq. (14), i, = N, as must be the case.

Our main concern, however, is the fluctuations. These depend upon the
function ¥, entering in the formula

Ang? = §,[1 — (2t/0Be,)] (16)
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which, as we shall see, embodies both (1) and (2)—the former at ordinary temperatures
and the latter in the limit 7 — O.
In order to make this plausible, we use the identity [see Appendix A, Eq. (44)]

Xo = Diig — Ho? -+ (2ny — N) f(z,) {17

At ordinary temperatures, when the term Df(Dz) in Eq. (13) can be neglected, we have
clearly f(z,) = 7, , and accordingly,

Xo = (fig)* + 7y
which leads to formula (1). At sufficiently low temperatures, however, z will be
negative and we may have, by Eqs. (12) and (13), f(z,) = ily — N + «(N), while
ny = O(N), that is,
Xo = (N — o) + @(N)

and this gives formula (2).
So far, we have disregarded the factor 1 — (0¢/6Be¢) in Eq. (12). By variation of
the saddle-point equation (11) with respect to the spectrum, one finds

(t/oBeg)y = Kol Y. s <1 (18)

Whatever the magnitude of 6¢/0fe, this term can therefore only decrease the fluc-
tuation. At ordinary temperatures, it is obviously negligible, and as we shall see,
also at sufficiently low temperatures.

However, as was pointed out by Hiis Hauge, the factor 1 — (8¢/8B¢,) may be
extremely important: as he showed® in the case of the ideal Bose gas, this factor
will effectively suppress the fluctuation to zero at all temperatures below the Einstein
transition point although ¥, is of the order N?in most of this range. But in any case,
ot/oBe will depend upon the spectrum and, as will be shown both for the ideal gas
and the two-level systems treated in Sections 3 and 4, the fluctuation formula (2)
subsists in the limit 7— 0.

With suitable adjustments, the preceding formula (16) may be extended to systems
with continuous or (piecewise continuous) energies. The average number of particles
with energy below e is then given by (Appendix C)

B

MO = [ g dx i — 1) 19

0
and its fluctuation by
8

v — (w1 ([ ] )]

3. THE IDEAL BOSE GAS
According to Eq. (11) the saddle point ¢ will be determined by

N =Y {1 — D] — [D)e”? — D]} (20)

822/2/4-3
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Now, for macroscopic volumes V, the energy levels of an ideal gas are so densely
spaced that, even at the lowest attainable temperatures, they cannot be resolved in
thermal experiments. One is therefore inclined to replace sum by integral [cf. Eq. (67)]:

3 - [BRIGRIVIN) [ &2 de @)

where A = (h2B/27m) /2 is the thermal de Broglie wavelength. In the usual formulation
of Bose statistics, this causes a well-known difficulty because the function

16) = LIGD] || [t dxfler=* — D] (22)

has an essential singularity at ¢ = 0. In Gentile’s formulation, however, this is exactly
compensated by the second sum in the curly bracket and thus the integral

N = (V)OI | X112 dx 3(x — f) 23)

is regular along the entire real ¢ axis. We may therefore with some confidence use
Eq. (23) to determine the saddle point. At temperatures above the Finstein transition,
¢ will be negative. This is the domain of validity of formula (1), which does not interest
us here. Upon cooling of the system, the saddle point will (ceteris paribus) move to
the right along the real axis, reaching ¢ = 0 at the temperature

Ty = [NNT?R{(3/2) VFR @4

At temperatures T << Tz, the saddle point appears on the positive real axis
and its location is roughly given by (Appendix B)

1~ 1 — (T/TpF] X[ V2P 25)

which is of the order N—2/% for moderately low temperatures 7' <5 T . To obtain
a more accurate value, one must solve for ¢ = fe, — z the equation [Appendix B,

Eq. (58)]
N = x(2) + (V¥ {(3/2) + «(N) (26)

Since %, = A, and V{(3/2)/A* = (T/T,)*?, this is the same as London’s equation®
g = [1 — (T/TE)3/2] N (27)

which is thus true in a quotient asymptotic sense.

It is not difficult to map the whole range of temperatures (0, Tz) upon the
range (oo, 0) of 7, but such detail is not necessary for our discussion of the relative
fluctuation:

(Ano/fg) = o/ )1 — (21/0Beo)] (28)

All we need is a survey of 71y, ¥, , and 0t/8B¢, in their dependence upon the state.
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For the ideal gas, one finds [Appendix D, Eq. (83)]
o1/6Pey ~ Jol[¥o + N(V/A®] 29
At the transition point 7 = T [Appendix D, Eq. (86)],
Ko ~ N3, fiy ~ N2/3, Vi ~ N (30)

The relative fluctuation will therefore be of order 1, or more precisely, it is just
given by the standard formula (1).
In the middle of the range, T << Ty [(€0(z) ~ N-'], we have [Egs. (27) and (46)]

XONNQ, ﬁONNs V/ASNN (31)

50 that ¥,/(7ip)? is still of order 1. Here, however, 8¢/6B¢, is indeed close to I, as
observed by Hiis Hauge.? From the relations (29) and (31), we have

1 — (0t/0Beg) ~ NOBI(N? 4 N5y ~ N-13 32)

hence the relative fluctuation vanishes to this order. At still lower temperatures,
z is negative and ultimately of larger order than N-L. In this case, the order of ¥, is
given by Eq. (84) and (85) of Appendix D:

Xo ~ (N — nof* ~ (V[X¥) (33)
The magnitude of 0¢/d8¢, then depends upon the ratio
(VINPIN(V[N3 ~ NY(T|Tp)? (34)

That is, for temperatures 7 <X T N-1/8, the factor, 1 — (94/8f¢,) is of order 1 and the
fluctuation approaches

(dno/ng)? ~ [(N]fig) — 1P (35)

in agreement with formula (2). These are certainly very low temperatures, but it is
noteworthy that they vastly exceed the range of temperatures 7 << TeN—2/% envisaged
in Planck’s formulation of the third law.?

4. TWO-LEVEL SYSTEMS

This model may be even more nonphysical than the ideal gas, but it will allow
us to dispense with the saddle point approximation. It is now convenient to write
the sum over states

Z = (1/2x0) 3€ (/) TT {1 — tePe (36)

3 For a related discussion of the third law, see Casimir ‘) and ter Haar and Wergeland.”
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There is no need to “‘tame” the integrand by truncating the sums at n; = N since
we can now evaluate it exactly. For any system of noninteracting bosons, the occu-
pation number of the lowest energy level will thus be given by

Ziiy = (37)

RIS S
2mi J N (1 — tef0)2 1 — tefa

and at low temperatures only the few lowest levels will give factors appreciably
different from 1 in the product. Therefore, in the extreme case k7 << ¢; — ¢, even
a model with these two levels only must suffice to describe the population of the
lowest level.

For the two-level model, one can of course write down exact expressions, €.g.,

1 1

— N
1 —teB% 1 — tefa X ant

N=0

te 5<% 1 . N
(1 —tePa 1 — tebs Z but

(38)

ay = eVl — Pl — 79
by = ay{l1/(¢® — D] — [D/(” — DI}
where z = B(e; — €).

Since Z = ay , we have therefore, by Eq. (37), for the occupation number of the
ground state

fly = bylay (39)

which is precisely Gentile’s formula (13) with 7 = Be, .

Now, this is partly fortuitous, since models with three levels and so forth give
rise to more complicated formulas. However, the result (39) may serve to show that
Gentile’s device gives suitable interpolation formulas for the ground state at very
low temperatures. In particular, the fluctuation of n, will for the two-level system
always be given by Eq. (17), dn? = %, , which at sufficiently low temperatures leads
to formula (2).

APPENDIX A. PROPERTIES OF GENTILE’S FUNCTION n = %(2) .
The function

x@ = [1f(e¢ — D] — [Df(e”™ — 1], D=N-—1 (40)

is (i) positive and (ii) monotonically decreasing from y(— c0) = N through ¥(0) = N/2
to y(0) = 0.

Proof. Tt is true for an infinite set of integers D = 2”. Writing

¥ =[/x—D]— 29" -1D], x=¢
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and noting that

xz"—lz(x~1)7ﬁl(l—x2k)

we have

X= 00— 01 = [22/TT @) @

and

—dxldz = [1/(x — DP

1-— [(zznxﬂ—l) /]}:1: (1 + x* 2]§ (42)

The right hand side of Eq. (41) is clearly positive whether we have x > 1 or x < 1,
which proves that %(z) is always positive. In order to see that ¥(z) is monotonically
decreasing, one may rewrite the curly bracket in (42) as

1 — ﬁ 2/ 4 x#)P

This is always positive, which proves the second part of our proposition.

It is further useful to note that ¥ = —dy/dz is an even function of z = Be — ¢
and has a sharp maximum =~ N?/12 with a width 4z ~ 1/N at z = 0. Since we must
always have

f‘”..dz_“gN for a = —o
KXETANR2 O for a=0

we shall in the limit N — <o have
x/N — unit step function, 1 — 6(z)
XIN — 8(z)

The special values ¥(0) = N/2 and ¥(0) = (D? — 1)/12 follow directly from the
Bernoulli expansion

f@ =1 — 1) = (1/2) — (1/2) + (2/12) — (2%/720) + -~

It is convenient to rewrite the quantity ¥, entering the fluctuation formula (16) as

X =Dx —x*+ Q2x — N)f2) 43)

which follows by differentiation of (40). We can thus relate ¥, to i, = y, and f(z,).
In order to survey ¥ as a function of z, we note, that for 0(z) > N7,

X2, z>0

f&O~5%@—p, z<o 449
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Inserting ¥, = 7y , we obtain then from Eqs. (43) and (45)

. () + 4, z>0
B~ AN — il + (N—n), 2 <0 (*3)
If, on the other hand, 0(z) << N7, then
~ N%6(N — 27,
S /6( flg) (46)
X ~ [y — (N[2)P + (N*/12)

follows from the Bernoulli expansion of (40). Since the radius of convergence is
| z| = 2w, the solution z &~ (6/D)(N - 2#,) is not accurate at its extreme values --6.

APPENDIX B. LOCATION OF THE SADDLE POINT

In first approximation, we replace the sum (20) by an integral

N=] :’ 2(x) dx 7(x — ©) (47)

where
g = (V¥ x*#/I'(3/2)

% = [/ — D] — [D)(e”®? — 1)]

Here, y is perfectly regular on the path of integration, but since it is a difference
of two terms which we shall sometimes need to consider separately, a convention
must be made about how to bypass the point x = £. Any convention will do if
applied identically to both terms. We shall choose to consider both as Cauchy principal
values:

(48)

1, = (DTGRP [ [t dxf(e”™ — 1) (49)

and correspondingly for I; . For the small positive values of ¢ in which we are mainly
interested, the principal value of I; can most conveniently be displayed by the contour
integral

L = [(—1/2/I'(3/2)] fc [z172/(e*" — 1)] dz (50)
where C is a lace around a branch-cut along the positive real axis. Noting that z/2
changes sign across the cut, one sees that the contributions from small in identations

above and below z = ¢ cancel, so that the contour integral (50) indeed represents
the principal value desired. Expanding

f L= | {e+ 2 dzflexpz — 1))

o]
-3 (i‘) n f {291 g7’ lexp Z — 1]}
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where | Z | > £ on C, and using one of the defining integrals of Riemann’s {-function®

{(s) = [/ — DTG [ [+ dsfer — D]

one obtains the power series

= ) @G —mnllen,  |t] <2n (51
=0
Due to the small radius of convergence (| ¢ | = 2#/D), the corresponding series

is useless for the representation of I, , but here one can proceed directly from the
definition:

P : 12 dx f(DPx — 1)) = lim (| ; + °°) (z + )2 f(D2) dz (52)

Rewriting the first part
—€ 13
| =[@—2ri=D)d
—i €
and using the identity
A(—Dz) = —1 — f(Dz)
we have

Pf:o = ——f:(t—z)mdz—f—ft (t—lfz)l/2_(t——z)1/2 - = (t + ) )1/2

eDz““l l £ DZ_I

= ts/g(”‘% + L+ )

Here, the two latter integrals can be neglected.

Jy= [0+ 0 = (1= et - D} d:
in the interval 0 << x << 1, we have, for instance,
(1 + XM — (1 — X2 < Bx < 3xil2
B <} f [x1/2 dx/(eP® — 1)] < §(1/Dr)*2 f [y2 dyf(e? — 1)]
— 31D {B) (53)
n=| j [(1 4 )12 dx/(eP — 1)]:
for x > 1, we have (1 - x)I/ < (2x)"/2, and accordingly
n<| j ()12 dxj(e? — 1)] < | : [(20Y2 dxj(eP® — 1)]
— [P0y {3) (54)
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These inequalitites could be considerably sharpened, but they suffice to show that,
for those values of ¢ (~N-2/3) in which we are primarily interested, we have

[ g ey = ILGID + NEATS/] + 623 (55)
This gives a saddle point
t~ NVl — (T/Te)p]

which has the right order of magnitude, but the proportionality factor comes out
somewhat too small because our density function g exaggerates the weight of the
lowest quantum state by more than a factor 2 ([§ g dx = 2.7). The most natural
improvement of this approximation is therefore London’s procedure®™ to exempt
the ground state from the integration (47), writing

N =ity + VPOLTGD | 869 dr ir — 1) (56)

where the lower limit x, has to be chosen in such a way that the integral approximates
the sum over the energies € > ¢, as closely as possible. We shall show that:

[1/1°(3/2)] J.w g(x) dx y(x — t) = {(3/2) + negligible terms (57

Proof. Assuming tentatively that x, << ¢, we can write

© 2 0
j - [(—1/2) j ~ f ] flx —t)x12 dx — P f [DX'/2 dx/(eP=D — 1)]
Ly C 0 £
By the same substitutions as in (52), one then obtains

[Cfa—nera——Zue— | je@0—2prd

—%q

z—ty (t 4 EM2 — (r — 2 i

ebs — 1

Pf Df(D[x — 1]) ¥/ dx = Df
+D§f (“rj) dz+ D2 = kg2 — o)

or, taken together,

| " f— 1)+ P | Dr(oLx - t]); X2y — — % [De3/2 — Nx372)
Y EL LN L i

e — 1
© D O (1 — g
+L_% eDf—1 T e —1 a

po[tUEn,

ebt — 1
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If instead we assume x, > ¢, we get

P 0 WG — 1) dx = — zts,z n f v (¢ 4- 5)1; - (lt — O

- F@ — e

I " XRDF(Dlx — t]) dx — D f iilj—;—fillz—dg

or, taken together,

P f 4 f: 20 f% (4 v — (t O +f wD(r + f) R

et —

e? — 1 et — 1

T LO_ 3 D@+ o' (t— 5)1/2% dE

This can be written

_ %[3/2 4 J‘: (t -+ 5)1/2 — (t — 5)1/2 dg _ J‘ —D(t—+§~)———d§ f X(f)(t 4 6)1/2 dé':

et — 1

where in the most interesting range of temperatures 1 ~ N—2/3
[ G + o1 defiens — 1) = Devig, ~ N
cf. Eq. (54);
[+ o0 — c— ppendgier — 1} < 40 [ defet — D] < 42 ~ N2
cf. Eq. (53);

[ 5O+ e dg = (1 — 8) %, + 2001y — 1) — x(] ~ NI N

o—t

cf. Eq. (56). Similarly, for x, < ¢,

f o —1) L P f * DFDIx — z])g X2 dx = — 3D — Nx32) + DT, + J)
~ f K& — o d

Having already established the smallness of the two latter terms, we need only
consider the first term,

(D132 — Nx31%) = 2132 -+ N[Ot + (1 — &) x,JV*(t — x,)
This is negligible for the following reason: By supposition, we have

0<t—x0 t—ﬁeo
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and 1 — Pey = o(N2/%) (except of course for the extreme temperatures T ~ N-2/3T% ,
where the thermal energy is of the same order as the spacing of the energy levels.
Accordingly, the term N[#3/2 — x3/%] is (1) and can also be neglected.

Therefore, whether we have x, > 7 or x, <C ¢ for the lower limit of the continuous
energies, we may write the equation for the saddle point:

N = % + (VA {(3/2) + «(N) (58)
where
Xo = fig = [1/(e* — )] — [Df(eP* — )], z = Be—1

59
(V) [(3/2) = N(T|Tg)*2 (59)

which is London’s equation (27).

APPENDIX C. CONTINUOUS ENERGY SPECTRUM

Labeling the one-particle energy levels by a single parameter s, we have, in the
discrete case, expressions of the form

@ = g.p(Be, 1) (60)
and their partial derivatives

0P[2Pe, = g,¢'(Be, — 1) — (8/0Be,) ) gsp(Bes — 1) (61

where ¢ is a universal function.
When the energy spectrum is continuous, the expression corresponding to @
will be an integral

@ — [ ds y(s) ¢{Bels) — 1) (62)

and the partial differential quotient (61) becomes a Volterra derivative

B/8Be(r) = ¥(r) ¢'(Be(r) — 1) — [81/8Be(r)] [ ds 7(s) ¢(Bels) — 1) (63)

Both cases can be comprised by

P = f g(x) dx g(x — 1) (64)
One has only to take

Y g:8(x — Bey) discrete spectrum
s

g(x) = (65)
f v(s) 8(x — Pe(s))  continuous spectrum
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If the continuum description is merely an asymptotic approximation in the sense that

Z—>st when V- o0
$

the choice of parameter s suggests itself. For example, in the case of the ideal gas,
€, = (h38mV273) s, y(s) ~ (1/8) 4ms? (66)
With A = Bh?/2mm, this gives for the density function g according to (65)

8(x) = y(s)(ds/dBe) o 5y—
= (V]2 x'*[I(3/2) (67)

There are, however, many ways of parametrization, and the simplest for our
purposes is to choose it in such a way that d(parameter)/dBe = 1, that is, to let
functional argument and parameter coincide. In order not to confound them, we
may for a moment write

g(lel; ) = [ A& dé 3(x — Be()) (68)

Since we have now y = g and Be = £, this is certainly a circamstantial way of
writing a trivial identity. However, it serves to emphasize that g is a functional of the
energy spectrum and this is necessary to keep in mind when carrying out the diffe-
rentiations. We thus have, according to (68),

8g/6Be(y) = —g(y) &'(x — ») (69)

and
S0/3Be(y) = [ dxldg/sPe()] plx — 1) — [84/3Be()] [ dx gl — 1)
— ¢(3) ¢'(y — 1) — [81/88<(»)] | dx g9 (70)

The equations of the saddle-point approximation will now be
InZ= —Nt+ f g(x) dx 3(x — 1) 1)
0= —N -+ [g()dxi(x—1) (72)
—8(In Z)/3Be = (N — [ gx dx) (34/3Be) + 8(Be) 5(Be — 1) (73)

or, since the parenthesis is zero, the average number of particles per energy interval
around e will be

dN(e)/de = Pg(Be) (Be — 1) (74)
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In order to obtain the fluctuations, we need the functional derivative 37/88¢ ;
varying Eq. (72) for the saddle point with respect to the spectrum, we have

b fg;'( dx = 6N = 0
— [ {15¢/88<(3)) 8Be() dvx + g 81} dx
= — [Ty e i — 1) 38e() + 81 [ dr gl i — 1)

or
ufapaw — ief| g dx (75)

Let us consider the fluctuation in the number of particles with energies below e.
By Eq. (73), their average is

N = [ dr g itx — ) (76)

The average of their square is given by
— Be Be
ZN* = [ dt [3/38<(O)] | dn 18Z/5Be(n)] (77

as one sees from the definition (5) of Z and transition to the continuum. Using (74)
and (76), we have

ZN* = [ dt [3/3Be(®)I—ZN(e)]
= 2Ny — 7 [ d¢ pN/Bpe)] 9)
and, by Eq. (76),
N /3Be(e) ~ [ [0e/oBe(e)) dx xCx — 1)+ [318pe(®)] | g v it — 1)
= —gl®) K€ — )+ [y5Be®) | g v ix — 1)
Integrating,

[ deiaNjae(e) = — [ “exax |1 — [ aetoriopecey)]

= [apas ] - ([ svas/[ svar))

we have finally

Nr — 15 = [ g [1 - ([ xe s/ g )] (79)
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APPENDIX D. ORDER OF MAGNITUDE OF gtjoge AND %,
FOR THE IDEAL GAS

In the fluctvuation formula (16), we need an estimate of

6t/68e = 5o/ Xs (80)

In the denominator, we split off, as before, the term j, and approximate the sum
over the excited levels by an integral

Y~ fj X — 1) g(x) dx

>0

Drawing a diameter and a tangent to the parabola
g(x) = (V3% x[(3/2)

through the point x = ¢, g(¢) and remembering the properties of the function ¥
(Appendix A), it is seen that

80 [ gax < [“ggdr < [ 5 (00— 1]+ g@) dx (81)
Carrying out the integrations and inserting
¥0) = N2, x(0) =In D; t~ X3fV2B
it follows that
[ g0 it — 1y dx ~ N (82)

with an error ~(V/A%)*%In N. Since V/A® is at most of order N, this error is always
of smaller order than the main term. We may thus write

ot/oBe ~ Xol[Xo + N(V/A] (83)

When ¢ is positive, it is natural in the continuum description of the energies to
associate the states € < ¢ with the Einstein condensate. Since

t
[ gdx~1
0
we have in fact by the mean value theorem
1
f;zgde;g(—ﬁt)Nﬁo, 0<d <1
0
fkngNX(—@t)NXo; 0<6 <1

This shows that one will recover the same results even if the lowest level is not
segregated from the rest. It is thus possible to treat the energy spectrum of the ideal
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gas altogether as continuous, and this description holds good well below the Einstein
transition point (VA® ~ N). It does not really break down before V/A* = 0(1),
that is, when T < TN—2/3, Einstein’s theory of the ideal Bose gas can therefore in
principle be formulated without invoking quantization of the translation energies.
This is gratifying because the ratio (thermal energy/level spacing) is such an enormous
number at all measurable temperatures that it seems very artificial to consider the
spectrum as discrete.
The most convenient expressions for y,, however, are obtained by combining
Eqgs. (45) and (46):
i t=0 (2= pe)
Xo ~ {N%, t~Be  [0(z) = N7 (84)
(N — 7g)%, t > fe, [0(z) > N7

with London’s equation (27) in the form
(N — i) ~ V/A3, t>0 (85)

At the transition point itself, 7 = Ty, ii, is not zero, as might be indicated by
Eq. (27). Here, we have

t=0, .. z= ey~ N2

and accordingly

flg = ¥o(2) =~ 1)z ~ N3
0 0 (86)

).eo ~ ﬁoz ~ N4/3
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